Available online at www.sciencedirect.com

materialstoday:

ScienceDirect PROCFEDINGS
ELSI Materials Today: Proceedings XX (2016) XXX-XXX www.materialstoday.com/proceedings
PMME 2016

Number Of Level Crossings Of Cauchy Algebraic Polynomials

Dipty RaniDhal® , DR.Prasana Kumar Mishra”*
aDepartment of Mathematics, ITER, SOA UNIVERSITY ,Bhubaneswar -751030, INDIA

bDepartment of Mathematics, CET, BPUT, Bhubaneswar -751003 , INDIA

Abstract

A Cauchy algebraic polynomial is a random algebraic polynomial
n
fxw) = a, (W)x*,x e (~0,00),
k=0
whose coefficients are independent real-valued random variables with a common Cauchy distribution then for every

large enough integer n,, P SupN (W) > ' (logn)? b < g In*>7

r n>n0

where s is a finite number greater than 2+f; 0< f<I and p’s are positive constants.For this theorem we get, for s>3,

a probability less than p''/n*?
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1. Introduction

A Cauchy algebraic polynomial is a random algebraic polynomial,

f (X, W) :Zn:ak(w)xk,XE(—oo,oo), (1.1)

whose coefficients are independent real-valued random variables with a common Cauchy distribution. Let N,(w)
and E(N,,) denote the number of real roots and its mathematical expectation, of the random equations f n(X, W) =0,
Logan and Shepp [1] have shown that

E(N,) ~clogn (n — ),

where

8% ze™
C:—2 —72dz,

Using this one gets that
P {N,> p'(logn)?}<u"/(log n)

where s are positive constants.

Samal and Mishra [2] have considered the upper bound of N,(w) where the coefficients are identically

distributed independent random variables with a common characteristic function exp (-Cta), where C is a positive

constant and 1 < o < 2. They have obtained that

N (w) " ~3a-2-f
e [Sup elth - ) < i

where O <3 <1. This covers the Cauchy case for a=1

In [2], Samal and Mishra have employed the Inversion Formula to obtain certain probability estimates. In
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this note we show that in case of Cauchy polynomials with identically distributed coefficients such estimates can be

obtained by using the density function. We show that the probability that

{SupN n(w)} > 1'(logn)’

n>n0

is smaller than p''/n o P in the Cauchy case. In fact, the probability we have estimated can be made arbitrarily

small. Precisely, we prove the following theorem:
2. THEOREM

Let fn(x,w) be a Cauchy algebraic polynomial of degree n. Then for every large enough integer ny,

P {SupN o(W) > u'(logn)z} <u'InFF

n>n0

where s is a finite number greater than 2+f; 0< f<I and W’s are positive constants.

For this theorem we get, for s>3, a probability less than p''/ n**

In the proof of the theorem we need the following lemma which is a well-known result.

21 Lemma

Let X(W) =Zn:ak(w)x"

Be a continuous random variable with probability density p,(w). Then

U=X(w) = {Zn:ak(w)x"}z

is a continuous random variable with probability density

PU(W) = {ﬁ {Pn (Vw) +P, (—\/W)}} for w>0.
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In what follows we have assumed n to be sufficiently large for the inequalities to hold and we have used p’s to

denote positive constants not necessarily having the same value from one place of occurrence to the other.
Proof of the theorem

We refer to the proof of Samal and Mishra [2] and indicate only the important steps or modifications,

always with o=1 for the Cauchy case. It follows as in [2; p.600] that

P {fa,(W)| < (n+2)? k=012, n}
>1-u(n+1)"* (2.1)

for a=1,

So

{I\/Iax\f (2)<e’(n +1)“1} 2.2)
|z|<142/n

with a probability greater than 1-p1/(n +1)*

Again, the probability density of a(w), k=0,1,........... n is given by
1 ¢
P w- 2 2
TC +W

¢ being a positive constant, We put it as

P = {8“’22")' -2" <w < 2"for large n} (2.3)

w
otherwise

So that the probability density of a,(w) X

(/X Pwixk,) = {8“’22")' 2™ < < 2™ }
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otherwise
ince = <X_<1,weh (27X* 2" X¥ )= (=2",2" ). Thus, the probability dens
Since E_ m=1, we have \— m m)]& =<, . Thus, the probability density of

a, (W)X in (-2",2" )is 0ft/22 X* |

Let P,(w) be the probability density of

{Zn:ak(w)xmk}

We have that

P,(wW) = [p(2)(w—2)dz

-2n

2n
= Lzln J.(W—Z)dZ
_on

“ 2n+1
(22n )2 ' Xm

P.(W)= [p.(2)(W—2)dz

u 22(n+1)

= (22n)3 ' xl+2

and in general

H 22(n+1)
Pn (W) = (22n )n+1 ) X1+2+ ..... +n
o)
= (22nX )n(n+1)/2 (24)

Since 1<X < %
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Using this, the lemma gives
P,(w)= {8(1/JW),} for w>0
for w<0 (2.5)

Now

pr (X)) < e)
< p({[f O < e2)

=P(U<e?) = Ejpv(w)dw
= eJ.pv(w)dw

< ujiwdw
=2us (2.6)

putting €=1/N°", this gives
1 51
PAIf (X< —5t<2u/n 2.7)
n

Using (2.1) and (2.7) we obtain that with a probability greater than 1— (u/ ns_l) the number of zeros of f, (x) in

Cp, is at most p(logn). Considering all the circles the total number of zeros inside all the circles CO, C1,......... Ck,

Cplogn is at most p(logn)2m with a probability of measure at least
{1—;1' (log n)/ns‘1}>1—p" In"*?0<B <1

The number of zeros in C” is at most },L(|Og N) with probability larger than 1-n/ n"*’,

Thus for N >N_,N_(w) > p(log n)?, with probability less than
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i(u/ns’l"‘)< w'InF P 0<B<y,

n=ngy+1
where s is a finite number greater than 2+f

This completes the proof.

3. CONCLUSION

Considering a Cauchy random algebraic polynomial of the form

f (X,W)= Zn:ak(w)xk,x e (—o0, ),

whose coefficients are independent real-valued random variables with a common Cauchy distribution then for every

large enough integer ng,the the expected number of zeros of the above polynomial

P {SUpNn(W)>ﬂ'(|09”)2}<ﬂ"/nsZﬂ

n>n0

where s is a finite number greater than 2+f; 0< /<[ and p’s are positive constants.For this theorem we get, for s>3,

a probability less than p''/n*?
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